Shear bands in metallic glasses subject to uniaxial loading such as tension and compression exhibit the inclination angle different from 45°on the maximum resolved shear stress plane with respect to the loading axis. The cause is often attributed to the effective normal stress acting on the shear plane, which also suggests Coulomb-Mohr yield criterion for metallic glasses. We show here that this argument is conceptually ill justified. Instead, shear band inclination angle can be described by a simple model taking into consideration the volume dilatation and the pressure effects. © 2008 American Institute of Physics. ͓DOI: 10.1063/1.3050462͔ Under uniaxial loading, i.e., tension or compression, metallic glasses exhibit shear banding at yielding with the shear band inclination angles different from 45°predicted from the maximum resolved shear stress. The angle is larger than 45°f or tension and smaller for compression and the differences under the two deformation modes are not necessarily symmetric even for the same materials. This behavior is rationalized by invoking the Coulomb-Mohr yield criterion, [1][2] [3] [4] [5] which relates the shear stress with the normal stress n acting on the shear plane, that is, = 0 Ϯ n , where is the internal friction coefficient ͑plus sign for compression and minus for tension͒. As shown in soil mechanics and granular matters, the presence of a normal stress could indeed lead to the shear band angle change from 45°. In fact, one can show straightforwardly the angle change based on the relations of the resolved shear and normal stress with the applied uniaxial stress ͑ app ͒, that is, = app sin cos and n = app sin 2 , where is the angle between the shear plane and the loading axis. Inserting the above relations for and n into the Coulomb-Mohr yield function, one has app = 0 / ͓sin ͑cos Ϯ sin ͔͒, where the minus sign is for compression and plus for tension. As shown by Zhang et al., 3 for a given friction coefficient ͑ Ͼ 0͒, the smallest applied stress app , which presumes to cause yielding and shear banding, has the corresponding shear band inclination angles of Ͼ 45°for tension and Ͻ 45°for compression. Similarly, if we use the internal friction angle ͓ = tan −1 ͔͑͒, we also have = / 4 Ϯ / 2. 6 However, making such connections to metallic glasses may not be that obvious. First, the prerequisite for the existence of a shear plane for the Coulomb-Mohr relation to apply does not necessarily hold in homogeneous deformation regime prior to yielding. Take as an example a cylindrical sample with axial symmetry under tension or compression. If there are no pre-existing cracks or material or surface imperfections that initiate some embryonic shear bands, it is difficult to imagine that a specific shear plane could exist. 7 Second, the deviations in the shear band inclination angle as predicted from the Coulomb-Mohr relation are symmetric, i.e., they deviate by the same amount for a given material under tension and compression of the same magnitude. However experimental results point to a quite obvious asymmetry.
Under uniaxial loading, i.e., tension or compression, metallic glasses exhibit shear banding at yielding with the shear band inclination angles different from 45°predicted from the maximum resolved shear stress. The angle is larger than 45°f or tension and smaller for compression and the differences under the two deformation modes are not necessarily symmetric even for the same materials. This behavior is rationalized by invoking the Coulomb-Mohr yield criterion, [1] [2] [3] [4] [5] which relates the shear stress with the normal stress n acting on the shear plane, that is, = 0 Ϯ n , where is the internal friction coefficient ͑plus sign for compression and minus for tension͒. As shown in soil mechanics and granular matters, the presence of a normal stress could indeed lead to the shear band angle change from 45°. In fact, one can show straightforwardly the angle change based on the relations of the resolved shear and normal stress with the applied uniaxial stress ͑ app ͒, that is, = app sin cos and n = app sin 2 , where is the angle between the shear plane and the loading axis. Inserting the above relations for and n into the Coulomb-Mohr yield function, one has app = 0 / ͓sin ͑cos Ϯ sin ͔͒, where the minus sign is for compression and plus for tension. As shown by Zhang et al., 3 for a given friction coefficient ͑ Ͼ 0͒, the smallest applied stress app , which presumes to cause yielding and shear banding, has the corresponding shear band inclination angles of Ͼ 45°for tension and Ͻ 45°for compression. Similarly, if we use the internal friction angle ͓ = tan −1 ͔͑͒, we also have = / 4 Ϯ / 2. 6 However, making such connections to metallic glasses may not be that obvious. First, the prerequisite for the existence of a shear plane for the Coulomb-Mohr relation to apply does not necessarily hold in homogeneous deformation regime prior to yielding. Take as an example a cylindrical sample with axial symmetry under tension or compression. If there are no pre-existing cracks or material or surface imperfections that initiate some embryonic shear bands, it is difficult to imagine that a specific shear plane could exist. 7 Second, the deviations in the shear band inclination angle as predicted from the Coulomb-Mohr relation are symmetric, i.e., they deviate by the same amount for a given material under tension and compression of the same magnitude. However experimental results point to a quite obvious asymmetry. [3] [4] [5] Third, it is not straightforward how one can take into consideration the volumetric changes, or free volume formation during deformation, in the Coulomb-Mohr relation, which simply relates the shear and normal stress. As shown by a large number of experimental and atomistic simulation work, deformation in metallic glasses induces volume dilatations. [8] [9] [10] [11] [12] [13] [14] The volume change has been considered as a necessary precursor for atomic rearrangements in mechanical deformation. 15, 16 Therefore, although the Coulomb-Mohr relation can predict qualitative trend in the shear band inclination angle, its physical basis is called into question.
In the following, we shall show that the qualitative trend of the shear band inclination angle can be predicted from a different formulation by including the local atomic volume dilatation and hydrostatic pressure effects. The formulation is based on the Drucker-Prager yield criterion with the volume change governed by Spaepen's free volume model. 16 The general theory is briefly summarized below. For more details, the reader is referred to the publication elsewhere. 6 We assume that metallic glasses follow elastoplastic model with the total deformation strain decomposed into elastic and plastic parts, = el + pl , where the elastic strain rate is governed by the Hooke's law in the isotropic materials, = D el , and the free volume is considered as the major carrier of the plastic strain, pl = ͓bI 1 + ͑s / 2 ͱ J 2 ͔͒, where
rial matrix with K as the bulk modulus and G as the shear modulus, b is a material constant related to volume change, J 2 = ss / 2, s = − trace͑͒I / 3 is the deviatoric stress with I being the identity tensor. = exp͑−1 / v f ͒sinh͑ e / 0 ͒ and v f =1/ ␣ exp͑−1 / v f ͕͒ 0 / S␤v f ͓cosh͑ e / 0 ͒ −1͔ −1/ n D ͖ are the magnitude of plastic flow and the free volume production rate, respectively, as generalized from Spaepen 16 and Steif et al., 17 where v f = v f / ␣v ‫ء‬ is the normalized free volume with v f being the free volume averaged by atom numbers, ␣ is a geometrical factor of unit order, and v ‫ء‬ is the volume of atom, 0 =2kT / ⍀ is the reference stress with k being the Boltzmann constant, T is the temperature, and ⍀ is the atomic volume. and S =2/ 3G͑1+v͒ / ͑1−v͒, where v is the Poisson ratio. The effective stress that drives the production of the free volume now is no longer the shear stress alone as in previous works on deformation of metallic glasses. 18, 19 It contains hydrostatic pressure originated from volume dilatation, e = aI 1 + ͱ J 2 , where I 1 = trace͑͒ is the first invariant of the stress tensor, and a is another material constant related to the pressure ͑or volume dilation͒ sensitivity. This relation is from Drucker-Prager yield criterion in which the hydrostatic pressure or volume dilation is considered contributing a major part to the plastic deformation. 20 This formulation is different from Coulomb-Mohr relation in which the volume change induced in the deformation is not explicitly considered.
The constitutive theory can be straightforwardly implemented numerically into ABAQUS finite element software with a UMAT subroutine written by the authors. We tested it on Vitreloy 1 ͑Zr 41.25 Ti 13.75 Ni 10 Cu 12.5 Be 22.5 ͒, where the mechanical properties are known. 21, 22 The initial free volume is randomly assigned to each element with a mean value of 0.05 and a variance of 0.0001. For this work, we set Drucker-Prager coefficient b = a for the sake of simplicity. The coefficient a and other material parameters used in the finite element modeling are listed in Table I . Figure 1 shows the shear bands by the contour plots of the strain fields for plane strain tension and compression with varying coefficient a at the yield points. For plane strain tension, only the two contours with smaller coefficient a are presented because the instability happens before mature shear bands form when a is large. The shear band inclination angles are measured from these strain field contours and are shown in Fig. 2 . Note that each contour may contain several major shear bands, which give shear band inclination angles that differ slightly from each other. We took statistical averages of all measured bands and the mean angles are plotted in Fig. 2 . We can see clearly the increasing trend in the angle for plane strain tension and decreasing trend for plane strain compression. In the constitutive theory, the pressure sensitivity or volume dilatation tendency is directly related to parameter a. The dependence of the shear band inclination angle on a is also explicitly investigated. As seen in Fig. 2 , the larger a is, the larger the deviation of the shear band inclination angle from 45°. Clearly, this correlation is rooted in the volume dilatation. In addition, we observed that the deviation in the shear band inclination angles is not necessarily symmetric in tension and compression, which is the case however for the Coulomb-Mohr model.
The shear band angle deviation without invoking the normal stress as in the Coulomb-Mohr model can be explained in the following. Let us consider a sample under uniaxial tension/compression in the local principal strain rate coordinates, the volume change rate is expressed as v / v = 1 + 2 + 3 , where 1 , 2 , and 3 are three principal strain rates. Consider the plane strain restriction, where all the strain components related to the third direction, which is parallel to the potential shear plane, are assumed to be zero, or 3 = 0. We have then, 2 = v / v − 1 . Given 1 , we can plot the Mohr's circle with the center shifted to the right ͑or left under compression͒, as shown in Fig. 3 . According to zero extension rate condition by Hill, 23 the shear plane can only emerge when the extension rate of this plane is zero, which is represented by point P in Fig. 3 . The angle between this shear plane and the loading axis is denoted by . From the Mohr's circle, we can easily calculate that 
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where ␥ is the shear strain rate. Consequently, the shear band angle is fully determined by the ratio between the volume change rate and the shearing rate. Therefore, in the DruckerPrager model with the volume change explicitly incorporated, deviates from 45°. Depending on the sign and magnitude of v / v, the deviation is different for tension and compression. As a comparison, for von Mises materials where volume change is zero, = 45°. For the general case without the plane strain restriction, the third principal strain rate 3 is not necessarily zero. However, if it is small relative to other two strain rates, Eq. ͑1͒ is still valid. Furthermore, since usually the characteristic thickness of the shear band is comparatively very small, with the size of the bulk sample and the dimensions along the width directions in a shear band ͑ 3 is along one of the directions͒ are normally far larger, 7 3 can be safely approximated to vanish. Thus, the plane strain condition for Eq. ͑1͒ to be valid can be presumed locally at the shear band, which is especially the case for bulk metallic glass samples.
